The vibration of lattices of one, two and three dimensions with free boundaries is studied by the method of transfer-matrix, making use of an artifice, the "method of image". The effects of isotopic impurity atoms in the inside of the lattice or on one of its surfaces are investigated in detail. Main results obtained are as follows: (1) A one-dimensional lattice with an isotopic impurity at one of its ends has a localized moqe if the mass of the impurity is smaller than half of the mass of host atoms. (2) A two-dimensional lattice with one light isotopic impurity on one of its edges may have a localized mode. For the case in which the impurity is at the center of an edge or at a corner, an analytical expression for the critical value of the impurity mass for the appearance of the localized mode is obtained. (3) If all the atoms composing an edge of two-dimensional lattice are light isotopes with the same mass, there may appear surface modes, the frequencies of which may lie in the frequency band of unperturbed spectrum. (4) The dispersion relation for the eigenfrequencies of the lattice containing an impurity at an arbitrary lattice site is obtained.
Introduction
Recently it was shown by the author!) that the method of transfer-matrix, which had been devised by HORI and ASAHI 2 ) more simply. In § 3 an one·dimensional lattice with an isotopic impurity atom at one of its end is considered. The condition for the appearance of the localized mode is examined and found to be in accordance with the result of MATSUDA. In § 4, a two·dimensional regular monatomic lattice with free edges is considered by the generalized method of transfer·matrix. In this case one must introduce an artifice, the "method of image", in order to take the free edges into account. Once this is done, however, the calculation is straightforward.
In § 5, two·dimensional lattices with isotopic impurity atoms on one of the free edges are considered, and the following results are obtained:
( 1 ) A two·dimensional lattice with one light isotopic impurity on one of the edges may have a localized vibrational mode. For the case in which the impurity lies at one of the comers or at the center of the edge, the expression for the critical value of mass of the impurity for the appearance of the localized mode is obtained analytically. From this it is seen that the localized mode appears less easily for the former than for the latter and for the one·dimensional lattice with an impurity at one of its ends.
( 2 ) If all the atoms on one of the edges of the lattice are light isotopes, there appear surface modes which damp towards the inside of the lattice. The frequencies corresponding to these surface modes may lie both inside and outside the band.
The treatments for two·dimensional lattices are easily generalized to three· dimensional ones. In § 6, the calculations similar to that in § 4 are performed for a three·dimensional regular monatomic lattice with free surfaces. In § 7, a three·dimensional lattice with an isotopic impurity on one of the surfaces is considered. The results similar to those for two·dimensional lattices are obtained.
In § 8, it is shown that the results which have been obtained by the usual GREE;-<'S function method can be got as special cases of those which are de· duced by the transfer·matrix method. Throughout the paper, it is assumed that there are nearest·neighbor inter· actions only. It should be remarked that this assumption is essential for the validity of the "method of image".
One-Dimensional Regular Monatomic Lattices with Free Ends
At first consider an one·dimensional lattice with free ends composed of N equally spaced atoms of the same kind. Let the mass of atom be M, and the nearest·neighbor force· constant K. Assuming the time factor exp (iwt), we have the equation of motion for the displacement u (l) of the atom at the lattice point l:
Some Applications of the Method of Transfer-lMatrix to the Vibration of Lattices

-Mw'u(l) = K[ {u(l-I)-u(l)} (I-o z ) + {u(l + I)-u(l)} (1-OZ.N) ] '
(2.1)
where the KRONECKER deltas in Eq. (2.1) are introduced in order to take into account the free ends l = 1 and N Eq. (2.1) is equivalent to the homogeneous equation where r=2-Mw'jK, (2. 4 
c)
Eqs. (2.2 b) and (2.3) can be written in vector-matrix forms:
(2.5 c)
The transfer matrix T can be transformed into the diagonal form: and p== (~' :2),
Putting Mal = 4K sin" 8, we obtain r = 2 cos 28 ,
where Sill == sin2l8/sin 28.
From Eq. (2.5a) we get
Combined with Eqs. (2.5 b, c) and (2.8 a), this gives
)-S(N)) = S(N)-S(N-l) u(I),
and consequently
Au(I)=O,
where
A===S(N+l)-2S(N)+S(N-l) .
A Mw; = 4K sin' 10< , (2.14 a)
From Eqs. (2.4 a), (2.5 a) and (2.8 a), it follows that
Substituting Eq. (2.8 b) and (2.14) into Eq. (2.15) we obtain the wave form of the normal vibration corresponding to the eigenfrequency w,:
3. One-Dimensional Monatomic Lattice with an Isotopic Impurity Atom at its End Point
We consider next the case in which the Nth atom in the regular monatomic lattice treated in § 2 is replaced by an isotopic impurity atom with mass M'. When we write the equation of motion in the form of a vector-matrix equation as before, only one transfer matrix T' connecting x(N) with x(N+ 1) comes out to be different from that of the regular lattice T: 
In the same way as in § 2, we get the equations
and -137-(3.1 a)
The condition for the existence of a non-trivial solution is
A-oB= 0,
and
B==S(N)-S(N-l) . (3.4 c)
This leads to the equation:
Then we have
which coincides with the result obtained by MATSUDA 3) . From this it will be seen that the effect of the impurity is to decrease or increase the eigenfrequencies according as Q > 0 or Q < o. The values of perturbed eigenfrequencies cannot, however, exceed those of the neighboring unperturbed frequencies. Moreover, the maximum eigenfrequency runs out from the frequency band if Q < -t.
The wave forms of the normal modes corresponding to the eigenfrequencies in the band are sinusoidal also in the present case. On the contrary, the normal mode corresponding to the extra-band eigenfrequency decays exponentially as the distance from the impurity increases. We shall call this mode "damping mode".
In order to evaluate the extra-band frequency we have to put 
This shows that there is a critical value of Q for the appearance of the damping mode:
The wave form of the damping mode comes out to be where 
Two-Dimensional Regular Monatomic
Lattices with Free Edges In a previous work I), we generalized the transfer-matrix method to higher dimensional lattices with the cyclic boundary condition. In this section we shall apply the generalized method to a two-dimensional regular monatomic lattice with free edges. In the same way as in § 2, the effect of these free edges can be replaced by suitable boundary conditions. Assuming the nearest-neighbor interaction, the equation of motion for one of the components of atomic displacement u (l, m) at a lattice point (l, m) can be written in the form: where Kl and K2 are force-constants for different directions. The equation (4.1) is equivalent to the homogeneous equation
with boundary conditions
Define, as in § 1, the state vector x(l, m) and the transfer matrix T by
Then we can write Eqs. (4.2) in vector-matrix forms:
By the use of Eq. (4.5 a), we obtain the equation 
S= T(l-I, m) T(l-2, m)···T(I, m).
In the matrix elements of S, there appear products of the operators iF (l). In reference (1) 
The proof of this fact will be given in the Appendix. 
in S as independent of l. This situation makes the calculation much more involved compared to the case of cyclic boundary condition. In order to avoid such a complications, we use the following artifice. Let us imagine the lattice extended indefinitely towards both m-directions, but impose the condition that displacements should be symmetric with regard to the lines m = 1/2 and m = N, + 1/2. In other words, we imagine that there exist an infinite number of mirror images with respect to the two lines of the original finite lattice. This amounts to requiring the same symmetry to both the values of the initial vectors x(l, m) and the equations of motion for all lattice points. Moreover, the above symmetry requirement with regard to two lines may be replaced by the simultaneous requirements of the symmetry with regard to one of the lines and of a cyclic condition with the period 2N 2 • In the system composed of all the mirror images and the original system, the above condition of uniformity of the equation of motion along the m-direction is satisfied so that it is no more necessary to bother about the complications due to the l-dependence of LI'(l)'s. Moreover, the boundary conditions of free edges (Eq. (4.5 c)) are automatically satisfied in this system. The extra lattices are not connected dynamically to the original lattice, its edges being left free.
The above artifice of introducing the mirror images of the original system is evidently analogous to the "method of image" in the theory of the partial differential equation. In what follows we use this method throughout, so that we may drop the argument l of LI'(l) everywhere.
In order to satisfy the above-mentioned requirements the initial displacement u (1, m) must be expanded as With the initial value u(l,m) given by Eq. (4.6a), the equation to be solved is The transfer matrix can be transformed to the diagonal form:
T=PAP' and
The l-th power of T is given by
From Eqs. (4.4 b) and (4.8 e), it is seen that the matrix element r and con- 
Z,,(m).
Al exp( ±2iO,.)
From Eq. (4.7 a) we obtain
Combined with Eqs. (4.7 b) and (4.9), this reduces to
If we substitute Eqs. (4.6a) and (4.11) into Eq. (4.13), it follows that Using Eqs. (4.15 b) and (4.14 b), we get
Consequently, we have
Introducing this into Eq. (4.10), we get the eigenfrequencies of the square lattice with free edges: Consulting Eqs. (4.12)--(4.14), we can obtain the normal mode belonging to the eigenfrequency mo(IC', p.') : 
From this result it is clear that there does not come out any surface mode.
In view of the fact that the partial difference equation (4.2 a) is of the type which allows the "separation of variables", the results obtained above are what may be naturally expected.
Two-Dimensional Monatomic Lattice with Isotopic Impurities on one of the Edges
At first consider a finite monatomic square lattice with an isotopic impurity atom at a lattice point (N" j) on its edge.
When we write the equation of motion in the vector-matrix form as in §4, only one transfer matrix T' connecting x(N"j) with x(N,+l,j) comes out to be different from that of the regular lattice T. If the extra lattice is introduced in order to avoid the complication pertaining to the products of difference operators, the impurity transfer-matrix T' appears at the points which meet the symmetry requirements described in § 4 :
and M' is the impurity mass.
If we introduce the parameters Q and 0 by [; f
where we used a simple relation From these equations we can readily obtain the following conclusions: None of these eigenfrequencies can be equal to unperturbed ones. There is, however, a one-to-one correspondence between them, and the corresponding pair coincide with each other when the impurity disappears. All the perturbed eigenfrequencies are larger or smaller than the corresponding unperturbed frequencies, according as Q<O (light impurity) or Q>O (heavy impurity). The former cannot however exceed the neighboring unperturbed frequencies. 
1-p'
Using the well·known relation
The variation of Qc as the function of the parameter p IS shown in Fig. 4 (curve A).
Case B.
In a case where the impurity is located at the corner point (j = 1), we get the equation 1+( 2Qc ')11 __ 1_2' 2::.,.-1, pco~'X" 1 1 =0.
For the large number lV2 it becomes, as before,
Using the well-known relation
we obtain When K, < K 1 , the value of p' is smaller than !, and becomes zero as K,--O. This limit corresponds to the case of independent linear chains extended in I-direction. Hence it is natural that here both curves in Fig. 4 give the same value Qc= -i-, which moreover coincides with that obtained in §2 for the linear lattice. On the other hand, p' is larger than t when K, > K 1 , and becomes unity as Kl--0. This limit corresponds to the case of independent linear chains extended in m-direction. Since in Case B the position of the impurity is symmetric with respect to two directions, it is a matter of course that the curve B is symmetric about its center, and gives Qr = -l for p2 = l.
On the contrary the position of the impurity is' asymmetric with respect to two directions, in Case A, and the curve A gives a different value Qc = O. This means that for the linear chain with an impurity at its center, the localized mode appears as soon as its mass becomes lighter than that of host atoms. That the curve A gives higher values of Qc in the right half than in the left half of the figure means that, if the force constant in the longitudinal direction is larger than that in the lateral direction, as is usually the case, the vibration in the direction of the edge is more easily localized than that in the direction normal to the edge, for the impurity situated at the center of the edge. For the mode corresponding to the extra·band frequency of the two· dimensional lattice with an impurity on the edge, it is almost clear, from the arguments of the previous paper'!' that it is composed of the partial waves which are localized in l·direction. In Case B the same argument applies also to m-direction, on account of the symmetry mentioned above. The mode is thus localized in both directions. Although in Case A such an argument based on the symmetry is not valid, it is highly probable that the mode is also localized around the impurity site.
Nex.t let us consider a two-dimensional lattice, one of the edges of which (l=~) is entirely composed of impurities of the same kind. We have then, in the same way as above, 
Three-Dimensional Regular Monatomic Lattices with Free Boundaries
(5.32)
In the same way as in § 4, it is readily shown that the generalized transfermatrix method is applicable to a three-dimensional regular monatomic lattice with free boundaries. The equation of motion for one of the components of atomic displacement u(l, m, n) at a lattice point (l, m, n) can be written in the form: u(l, m, n) = K, [u(l-l, m, n)-2u(l, m, n)+u(l+ 1, m, n) ]
with boundary conditions l, m, n) )
we can write Eqs. (6.2) in vector-matrix forms: In order to avoid the complication pertaining to the products of difference operators, the extra lattices which satisfy the same symmetry requirements as in § 4 are introduced both in m-and n-directions. Then we can drop the arguments about the difference operators and expand the initial displacement u(l, m, n) in the form:
(6.5 a) (6.5 b) (6.5 c)
With the initial value u (1, m, n) given by Eq. (6.5 a), the equation to be solved is 
A", = S,,,(N.,+1)-2S,,,(NI )+S,,,(NI -1)
S,,,(l) = sin2l0 p ,/sin20,,,. 
Consequently we obtain If we assume, as in § 4, that the accidental degeneracy does not occur in the frequency spectrum, we can readily obtain the normal mode belonging to the eigenfrequency Wo(K, fl., lJ) :
(6.14)
Three-Dimensional Monatomic Lattice with Isotopic Impurities on one of the Boundaries
First we consider a three-dimensional monatomic lattice with an isotopic impurity on one of the boundaries. In the same way as in § 5, we can extend the formulas in § 6 to include the effect of the impurity at a lattice point
Introducing, as before, the extra lattices, we write the equation of motion in vector-matrix forms:
n =k, 2N,-k+I,···, From Eqs. (7.1 a) and (7.1 b) we obtain
'In=k 2N-k+l ... , 3 "
(7.2 a) By the use of the orthogonality relation (6.10), the equations (7.3) are reduced to
(7. 4)
(7.5)
From this we can find the perturbed eigenfrequencies which resemble in character to those in § 5. The unperturbed eigenfrequency corresponding to the unperturbed normal mode which has a node at the impurity site remains to be a perturbed eigenfrequency. In order to get other eigenfrequencies which are affected by the presence of impurity, we rewrite Eq. (7.5) as follows:
A,,, (7.6 a) This turns out to be (7.6 b)
where we used the following relations: ,-,
From these results it is seen that there may be only one extra-band eigenfrequency in the case Q < 0 which is given by 
l N,N3 ,FO '00
x( K,cos'X.+K3COS'¢, )il=O.
(7.8)
Next we consider a three-dimensional lattice, one of the surfaces of which (l = N ,) is entirely composed of impurities of the same kind. This is a straightforward generalization of the case in § 5 (Eqs. (5. 24)-(5. 32)).
From Eqs. (7.2a) and (7.3a), we get for all (m, n) .
By the use of the orthogonality relation (6.10) of the functions Z".(m, n), we obtain the condition for Eq. (7. 9) to have a non-trivial solution:
From this we find the relation between the value of Q and the complex root {)",:
exp (e.,) cosh e., 2 cosh' e,,,+ (K,/K,) sin' X.+ (K3/K,) sin' ¢.
where we put (),,, = rc/2+ic,,, (e.,>O).
The critical value Q., for the appearance of the complex root ().. IS gIven by
+ ,sm X. + 3 sm ¢, (7.12) In the same way as in ( § 6), we get the normal mode corresponding to the root ()". of Eq. (7.10):
Especially, for the complex root ()". it follows that
and we assumed that e '" » 1 / N; .
-159-(7.13) (7.14)
Lattices with an Isotopic Impurity Atom at its any Point
So far we have considered the lattices with impuntIes at its extremity. The method of transfer-matrix is effective also for the lattices with an impurity at its any point. In this section, however, we show that we can deduce directly from the results obtained in the sections 5 and 7 the conclusions for such cases. It. is readily seen that the above results are no other than the usual one obtained by GREE;\f'S function method, in which the equation of motion is solved by expanding the displacements in eigenfunctions which satisfy the homogeneous equation of motion with the imposed boundary conditions.
APPENDIX
In this appendix we show that the difference operators Ll2 (l) which are originally dependent on the positions in !-direction can be treated as if they did not depend on l under suitable conditions. From these results it is clear that the difference operator j2 (l) at any lattice point (l, m) can be replaced by the operator j'2 (1) provided that the same kind of conditions as Eqs. (A. 3) and (A. 7) are satisfied all over the "domain of influence" of the point (l, m).
